Abstract. In his second notebook Ramanujan gives (without proof) six coe cients for the asymptotic expansion of a certain false theta function. While con rming this expansion, B. Berndt found an alternate expansion giving the coe cients as expressions which are rational numbers. Calculation of several hundred coe cients appeared to show that the coe cients are in fact all positive integers.
1 + t + t 2 + 2t 3 + 5t 4 + 17t 5 + asymptotically as t tends to 0+. In this paper we prove the existence of such an expansion. We give a further analysis to show that the coe cients are integers. Curiously, this is not obvious from the known derivations of Ramanujan's expansion. As well as being integers, by results of Bruce Berndt and Richard Brent the coe cients are positive, and thus natural numbers.
We conclude this paper by mentioning some other expressions for the function de ned above.
2. Notation We consider the coe cients a m in the asymptotic expansion of F(q) := 2 X n 0 (?1) n q n(n+1) X m 0 a m t m ;
where q = (1 ? t)=(1 + t). The rst series converges for jqj < 1, and thus for <(t) > 0. This function is one of L. J. Rogers' false theta functions 6]. Working with s := t=(1 + t), so that t = s=(1 ? s) and q = 1 ? 2s, allows us to express q as a polynomial in s rather than as a rational function in t. (1 ? aq j ):
A proof of (1) appears in G. Andrews' paper 1, section 6].
Writing each term on the right side of (1) as T n := (q; q 2 ) 2 n q n (?q; q) 2n+1 ;
we see that T n = O(s 2n ), since
while the denominator in T n is bounded away from 0, and q = O(1) as s ! 0. Further, for s 2 (0; 1=2), so that q 2 (0; 1), we have
(1 + q 2n+2 )(1 + q 2n+3 ) T n q T n ; so, by induction, T n+k q k T n for k 0. Expanding each T n as a power series in s (or in t) through the (2N ? 1)th coe cient allows us to compute the rst 2N coe cients in the asymptotic expansion for F(q). Using N = 3 gives the six coe cients found by Ramanujan.
Integrality of Ramanujan's coefficients
To show that F(q) 2 since we may expand the exponential in powers of the logarithm. Since (?1) n E 2n is positive, we may conclude that all coe cients in Ramanujan's expansion are positive.
By Brent's remarks and the results of this paper we know that a m 2 N, but at this point we know of no combinatorial interpretation of the coe cients. In addition to nding such an interpretation, it would be of interest to give an asymptotic estimate for the coe cients. We conclude by mentioning two other methods for expanding F(q). A continued fraction identity for F(q) follows from a theorem of G. Eisenstein 3] , which gives F(q) = 2 1 + q 2 1 + q 4 ? q 2 1 + q 6 1 + q 8 ? q 4 1 + :
The nth convergent, P n =Q n , of this continued fraction gives the asymptotic expansion for F(q) as a function of t, with F(q) = P n Q n + O(t dn=2e?1 ):
This expansion may be used to give another (more di cult) proof that F(q) 2 Z t]].
The coe cients a m may also be computed by considering a function of two variables:
F(q; u) := 2 X n 0 u n q n(n+1) = X m 0
A m (u) t m :
Treating F(q; u) as a formal power series in u and t, it is straightforward to nd a partial di erential equation satis ed by F(q; u), which gives a recurrence for the coe cients A m (u). These coe cients are rational functions of u which satisfy a m = A m (?1). 6. Acknowledgments Bruce Berndt rst brought Ramanujan's expansion to my attention, proposed the problem of showing that the coe cients are integers, and later brought the identity (1) to my attention. Heini Halberstam, Harold Diamond, David Bradley, and Richard Brent have also provided advice and encouragement for this research.
